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1 Introduction

1 Introduction

The fiber product
A=Rx7rS={(a,b)e RxS|f(a)=g(b)}
is the subring of R x S, where
R Tand T&- S
are homomorphisms of rings. Hence we have the exact sequence

)

03 A SRxS-“&T

of A-modules.
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1 Introduction

Question 1.1

When is R x7 S an AGL ring?
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1 Introduction

Preceding results

e Ogoma ([7])
the Gorensteinness of fiber product A= R x1 S, where R is a
CM local ring, S is a equi-dimensional Noetherian local ring with

(51)

@ D’'Anna, Shapiro, Ananthnarayan-Avramov-Moore ([3, 8, 1])
the Gorensteinness of fiber product A= R xg/; R, where R is a
Noetherian local ring

@ Nasseh-Sather-Wagstaff-Takahashi-VandeBogert ([4])
the CM fiber products of finite CM type
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1 Introduction

Example 1.2

Let R = k[[X, Y]]/(X? — Y?), S = k[[Z, W]]/(Z¢ — WH) with
a,b,c,d > 2.
Then

A=RxS= k[[X? Vo Zy W]]/ [(X7 Y)(Za W) + (Xa - YbaZC - Wd)]
is a CM local ring with r(A) = 3.

How about the AGL property?
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2 Basic facts

For homomorphisms f : R — T, g:S — T, we consider

A=RxrS={(a,b) e Rx S| f(a)
Then

gb)}CB=RxS

/\
\/

where p1 : A= R, (x,y) = x, pp: A= S, (x,y) — y
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1 Introduction 2 Basic facts 3 AGL rings 4 Results in dimension one 5 Higher dimensional cases References

Lemma 2.1

Suppose f and g are surjective.

(1) Ais a Noetherian ring <= R, S are Noetherian rings

(2) (A, J) is alocal ring <= (R, m),(S,n) are local rings
When this is the case, J = (m x n) N A.

(3) (R,m),(S,n) are CM, dmR =dimS=d >0,depth T > d—1
— (A,J) is CM and dim A = d.

Proof.
Consider
0—A-SB=RxS-5T-—0
where o = [ 7. ]. O

v
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Let (R, m), (S,n) be Noetherian local rings, k = R/m = S/n, and
f:R— k, g:S — k the canonical maps.

Proposition 2.2

(1) v(A) = v(R) + v(S).
(2) dmR=dimS >0 = e(A) =e(R) +¢(S).
(3) IfR, S are CM and dim R =dimS =1,
A= R x, S is Gorenstein <= R and S are DVRs.
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Proof.
JAH =m0l (V0 > 0), since J =m x n.
(1) Ca(d/ ) = bi([m/m?] & [n/n?]) = Lr(m/m?) + Ls(n/n?).
(2) LA(A/ITY) = La(A)S) + La(J)IT)
1+ [(r(m/m"h) + £s(n/nt)]
= 14+ {[lr(R/m™) — 1] + [(s(S/n""") — 1]}
= [tr(R/m™1) + £5(S/n"F1)] — 1
(3)(=)By0—-A5B%5 k—0,
0—+A:B5% A— Exty(A/J,A) = 0.
Hence, J = A: B. Thus, because A is Gorenstein and A: J =J: J,
RxS=B=A:(A:B)=A:J=J:J=(m:m)x (n:n).
Therefore, R=m:m and S = n : n, whence R, S are DVRs. ]

S. Goto, R. Isobe, N. Taniguchi AGL rings arising as fiber products November 24, 2018 9/24




3 AGL rings

3. AGL rings
Suppose (R, m) a CM local ring, d = dim R, §(R/m) = oo, IKg.

Definition 3.1 (Goto-Takahashi-T)

We say that R is an almost Gorenstein local ring, if 3 an exact
sequence

0—-R—-Kr—C—0

of R-modules such that pg(C) = €% (C).

We have
@ R is a Gorenstein ring = R is an AGL ring.
@ ur(C)=¢€2(C) & mC = (f,h,...,fy1)C, for some
fi,hh,...,f4_1 €M
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Suppose dimR =1 and R C 3K C Rs.t. K = Kg. Then

Remark 3.2 (Goto-Matsuoka-Phuong, Goto-Takahashi-T, Kobayashi)

Risan AGLring e mKCR& mK=m & mK=m,

Example 3.3
1) k[[te,te, ... 1273 127 1] (e > 4)
2) k[[X,Y,Z]l/(X,Y)N(Y.Z)N(Z,X)
3) k[[t*, t3, t°]] x (t%, ¢, %)

5) 2-dimensional rational singularity

(

()

(3)

(4) 1-dimensional CM rings of finite CM-representation type
(5)

(6)

6 k[[X17X27 ° 00 aXn; Yla Y27 geeog Yn]]/IQ(T/i )\2 )\(/:) (n 2 2)
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4 Results in dimension one

4 Results in dimension one

Setting 4.1

@ (R,m), (S,n) CM local rings, dm R =dimS =1
@ k=R/m=5/n,f:R— k, g:5 — k canonical maps
@ A=Rx,SCB=RxS, J=mxn (the maximal ideal of A)

Then
Q(A) = Q(B) = Q(R) x Q(S)

(* ]
e A=B=RxS

We assume that Q(A) = Q(R) x Q(S) is a Gorenstein ring, 3K,
and tk = oco. Hence, all the rings A, R, and S possess fractional

canonical ideals.
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4 Results in dimension one

Theorem 4.2

TFAE.

(1) A= R xx S is an AGL ring.
(2) A=R xS is a GGL ring.
(3) Rand S are AGL rings.

=] &
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4 Results in dimension one

Preliminaries for the proof of Theorem 4.2
Wehave RCKCR, K~Kg and SCLCS, L~Ks.

Firstly, suppose R and S are not DVRs. Then K :m C R, L:n C S.
Hence, because R :m Z K and S:n Z L, we have
Km=K+Rg, L:n=L+5g
for some g € (R:m)\ K and g € (S :n)\ L. We set
X=(KxL)+Ag
with g = (g1,8) € A. Then we have

Lemma 4.3
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Theorem 4.4

Suppose R and S are not DVRs. TFAE.
(1) A= R xx S is an AGL ring.

(2) R and S are AGL rings.

Proof.
Note Ais AGL & JX = J (=m x n), while
JX = (mxn) [(KxL)+Ag]
= (mK+mg) x (nL+n-g)
= m(K+ Rg1) xn(L+ 5g)

= m(K:m)xn(L:n)=mK xnlL.
Therefore

AisAGL & mK=m,nL=n < R,S are AGL.
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4 Results in dimension one

Proof of (1) < (3) in Theorem 4.2

Assume R is a DVR but S is not. Choose X sothat AC X C A
and X 2 Ky, Then Kg = X : B= R x L. Therefore

X:B=¢ (RxL)
for some § = (£1,&2) € Q(A).

On the other hand, by 0 = A% B 5 k= A/J — 0, we get

0—X:B—X—A/J—0.
Hence JX C X : BC X. Thus

Lemma 4.5
X:BCX C (X:B):J=(GRx&L):J
= §1(R . m) X §2(L . Il).
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4 Results in dimension one

Proof of (1) < (3) in Theorem 4.2

Corollary 4.6
J(X:B)CJUX CJ-[&(R:m) x &(L:n)]. J

(1) = (3) We have JX = J. Hence
n&HLCnCné(Ll:in) =6l
because n(L : n) = nL. Thus n = &-nlL = nl, so that S is AGL.
(3) = (1) We have JX = [UX N A-(1,0) -] + JE, and
e JXNA-(1,0)-¢CJ = IX=J=J
@ JXNA-(1,0)-£Z JE = IX=¢Rxn)={(mxn)=E)=J
This will prove that A is AGL. ]
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4 Results in dimension one

Theorem 4.2
R %, S is an AGL ring < R and S are AGL rings. J

Letting S = R, we have

Corollary 4.7
R Xpm RisAGL & R isAGL < R xmis AGL. J
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4 Results in dimension one

Comment to the case of 2-AGL rings

Let c = R: R[K].

@ Ris a Gorenstein ring < ¢=R
@ R is a non-Gorenstein AGL ring < ¢=m

We also have

Theorem 4.8
R xg)c R is2-AGL & R is2-AGL & R xcis2-AGL J
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4 Results in dimension one

Theorem 4.9
Rx,Sis2-AGL < R isAGL, S is2-AGL, or
R is 2-AGL, S is AGL

Example 4.10
(1) K[>, ¢, £°]] = K[[2]]
(2) K[[t3,t7, t8]] xx k[[t3, t*, t%]]
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5 Higher dimensional cases

5. Higher dimensional cases

@ (R,m), (5,n) CM local ring with d =dimR =dimS >0
@ (T,my)aRLRwithdimT =d — 1, §(T/m7) = cc.

e f:R—T,g:5— T surjective

@ A=Rx7S,J=(mxn)NA

Then Ais a CM local ring with dim A = d.

Proposition 5.1
A= R xt S is Gorenstein & R and S are RLRs. J
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5 Higher dimensional cases

Theorem 5.2

Assume that 3K, and that Q(A) is a Gorenstein ring. Then TFAE.
(1) A=R xt S is an AGL ring.

(2) R and S are AGL rings.
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5 Higher dimensional cases

Thank you for your attention.
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